If p is a cotorsion radical, then the class of modules M for which p(M) -0 is a torsion radical class; so the study of cotorsion radicals yields information which is useful in studying TTF theories (e.g. A cotorsion radical p is called hereditary if it is left exact and splitting if ρ(M) is a direct summand of M for every M in M R . This paper continues the investigation of the heredity and splitting of cotorsion radicals begun in [10]. The quotient ring of any ring R with respect to any hereditary cotorsion radical on M R is determined. A necessary and sufficient condition for a hereditary cotorsion radical to split is given and it is shown that for injective cogenerator rings and orders in semisimple rings, all hereditary cotorsion radicals split. The relationship between the cotorsion radicals for M R and those for R M is discussed in the second section. A one-to-one correspondence which preserves splitting is shown to exist between the hereditary cotorsion radicals for M R and those for R M. The final section studies the cotorsion radicals induced by projective modules. The question of heredity of such radicals is shown to be related to the concepts of perfect injectors and perfect projectors introduced by Anderson in [1]. Finally some connections between flat modules and torsion radicals are studied.
I?-module is projective. This class of rings is useful because it includes several well-known types of rings. For instance Noetherian rings and semiperfect rings are 1-FGFP rings as are orders in semi-simple Artinian rings. This list can easily be lengthened because subrings of 1-FGFP rings are 1-FGFP rings [Jondrup [7] ]. R is called a right injective cogenerator ring, if R R is injective and every right R -module is a submodule of a direct product of copies of R R . A semiperfect ring (respectively left perfect ring) is a ring all of whose finitely generated right modules (respectively all of whose right modules) have projective covers. A ring is said to be primary decomposable if it is a finite direct sum of left perfect rings each of which has a unique maximal two-sided ideal. [Maranda [8] ]. p is called a cotorsion radical, if the dual of the functor 1/ρ: M^> M/ρ(M) on M R , in the dual category M% is a torsion radical on M R [Beachy [3] ]. Beachy has shown that, for any cotorsion radical p on M R 
Hereditary cotorsion radicals. A subfunctor p of the identity functor on M R is called a torsion radical if p is left exact and ρ(M/ρ(M)) = 0 for each M is M R

, p(M) = M ρ(R) for every M in M R and that the correspondence p^ρ(R)
is oneone between the cotorsion radicals on M R and the idempotent ideals of JR. It follows from [3, Prop. 1.1] 
that a cotorsion radical is a torsion radical if and only if it is left exact or equivalently p(M) = M Π ρ(N) for any two modules
M,N£LM R
with M C N. Cotorsion radicals with the latter property have been called hereditary in [Ramamurthi [10] ] and the following characterization obtained. PROPOSITION 
A cotorsion radical p on M R is hereditary if and only if R/p(R) is left R-flat.
Let p be a torsion radical. For each right I?-module M define the module of quotients M p of M with respect to p by
Then R p can be given a unique ring structure which extends the ring structure of R and is called the ring of quotients of R with respect to p. Similarly, there is induced a unique R p -module structure on M p that extends its R -module structure. This process defines a functor from M R to M Rμ . When this functor is naturally equivalent to ( )® R R P , p is called a perfect torsion radical. If p is a hereditary cotorsion radical, then as mentioned above, p is also a torsion radical. The next proposition shows that p is in fact a perfect torsion radical and the quotient functor it determines is just ( )(g) R R/p(R). PROPOSITION 
Let p be a hereditary cotorsion radical for M R . For each M in M R , the module of quotients of M with respect to p is M/Mp(R).
Let us say that a cotorsion radical p for M R commutes with direct products, if p(ΠM α ) = Πp(M α ) for each family {M α } of right R -modules. PROPOSITION 
= E(s) e(&E(S) (l-e). This implies that E(S)-(l-e) = O as E(S) is an essential extension of S. Thus E(S) = E(S) e = ρ(E(S)).
) and so p splits M.
2 => 1: First note that the hypothesis is equivalent to: 
= (I-e)R and consider p(i£) The inclusion morphism ρ(K)^> E(p(K)) can be extended to a morphism K^> E(p(K)
As p is hereditary, this means that D Π K = 0 which gives i? = D 0 iC, a ring direct sum. From this it follows that p is splitting by [6, Theorem 2.4] . COROLLARY 
Lβί R be a left 1-FGFP ring. Then the following are equivalent on any hereditary cotorsion radical p on M R . (1) p is splitting (2) p(E(S)) = 0 or E(S) for any simple module S in M R .
Proof Use (1.1), (1.4) and (1.5) . PROPOSITION 
Let R be (i) a right self-injective cogenerator ring or (ii) a right or left order in a semi-simple Artin ring, then all hereditary cotorsion radicals for M R are splitting.
Proof (i) If R is a right self-injective cogenerator ring, then by Utumi [13] , there exist primitive orthogonal idempotents e u , e n in R such that each e,R contains a unique simple submodule S, and a unique simple factor module F, = eft/ej [where / is the Jacobson radical of R] such that eiR is the injective hull of S, and the projective cover of F, for each i. Further, the collections {SJ and {F t } each provide a complete set of representatives of the isomorphism classes of simple right R -modules so that we can assume {S ( } = {JR}. Let ρ(e ι R) = 0 for / = 1, , k and ρ(e t R)/ 0 for / = k + 1, , n, for a hereditary cotorsion radical p for (ii) If R is a right or left order in a semi-simple Artin ring, then R, being a subring of a left 1-FGFP ring, is itself a left 1-FGFP ring [Jondrup [7] ]. Hence, if p is a hereditary cotorsion radical for M R , then, by (1.1), p(i?) = Re for an idempotent e of R. It is easily shown that e is a central idempotent, using the fact that JR has no nonzero nilpotent ideals. Hence p is splitting, by (4) of (1.5 Proof. 1 φ 2 φ 3 by (1.3.) 3 φ 1 follows from [6, Theorem 2.4] since p(R) is idempotent and it is well known that any finitely generated idempotent ideal in a commutative ring is generated by an idempotent. The last part of the proposition follows from (1.1) and the fact that if each projective ideal of a commutative ring is finitely generated, then each cyclic fiat module over R is projective [Vasconcelos [14] ]. REMARK 1. 1 and 4 of the above proposition need not be equivalent in general. For instance, if R is a commutative von Neumann regular ring which is not Artin semi-simple, then R has a nonfinitely generated ideal K. If p is the cotorsion radical defined by ρ(M) = MK for every R -module M then p is a hereditary cotorsion radical that is not splitting. This example also shows that the hypothesis 'left 1-FGFP' cannot be dropped in Corollary (1.6). For any simple module over R is injective and hence (2) of (1-6) is satisfied but (1) Proof. As p is hereditary, ρ(R) = Re for an idempotent e. If ρ° is also hereditary, then ρ(R) = fR for an idempotent /. Hence p(R) is a ring direct summand of i? and hence p splits. The converse follows by (1.1). COROLLARY 
Let R be a right and left l-FGFP ring. Then, for any cotorsion radical p on M R , both p and ρ° are hereditary if and only if both p and ρ° split.
Apart from the above correspondence between arbitrary cotorsion radicals, a correspondence between the hereditary cotorsion radicals for M R and those for R M can be obtained for a right and left l-FGFP ring as follows. PROPOSITION 
Let R be a right and left l-FGFP ring, then there exists a one-one correspondence between (i) hereditary cotorsion radicals for M R (ii) hereditary cotorsion radicals for R M and (iii) idempotents e of R such that Re is an ideal. This correspondence is such that the corresponding hereditary cotorsion radicals split together and this happens if and only if the corresponding idempotent is central.
Proof. If p is a hereditary cotorsion radical for M R , then p(i?) = Re for an idempotent e. Since (1 -e)R is an ideal which is also idempotent, ρ*(M) = (ί-e)R M for each M in R M defines a hereditary cotorsion radical for R M. The correspondence p -» p * is clearly one-one between the hereditary cotorsion radicals for Jί R and those for R M. If p splits, then ρ(R) = fR for an idempotent / which means that e -f is a central idempotent, so that (1 -e) is also a central idempotent and hence p*(jR) splits. COROLLARY 
Lei R be a right and left l-FGFP ring. If all hereditary cotorsion radicals for M R split, then, for any idempotent e of R, Re is an ideal if and only if e is a central idempotent.
REMARK. In view of (i) of (1.7), this Corollary generalizes Proposition (4.4) of Anderson [1] where the same conclusion is derived for quasi-Frobenius rings.
Cotorsion radicals induced by projective modules.
Let P be a projective right R -module. Beachy [3] defined for any M in M R , PP(M) -Tr M (P) = the sum of all the homomorphic images of P in M, and showed that p P is a cotorsion radical for M R with p P (JR) = Tr R (P) = trace ideal of P in R. Beachy [3, Theorem 1.8] proved that if every idempotent ideal of JR has a projective cover, all cotorsion radicals for M R are of the form ρ P for projective modules P. Right perfect rings and semiperfect right Noetherian rings are examples of such rings. We now point out another class of rings with this property. A ring JR is said to be right (left) N (Γ hereditary if every countably generated right (left) ideal of j R is projective. We indicate now some situations where ρ P is hereditary. It is clear from (1.1) that, if JR is a left l-FGFP ring, then p P is hereditary for a projective right module P if and only if Tr R (P) = Re for an idempotent e and that if JR is a von Neumann regular ring, then, for every projective module P, ρ P is hereditary. We give a generalization of the latter fact now. A right JR-module P has been called regular if P is projective and every homomorphic image of P is flat [Ware [15] ]. PROPOSITION 
// P is a regular module, then p P is hereditary.
Proof, It suffices to show that, for each a in T (= Tr R (P)), there is x in T such that a = ax. For this implies that R/T is left i?-flat and hence (1.1) applies. So let aET.
Then a=Σ\f{p ι ) with f EHorn(P,JR) and p, E P. As P is regular, by Theorem 2.3 of Zelmanowitz [16] , for every p in P, there is ί in T such that p = Then aR = Σ fιEHomiP , aR) fi (P) as p P is hereditary. Hence there exists an epimorphism from a direct sum Q of a finite number of copies of P, to aR.
As Q is injective and aR is nonsingular, the kernel of this epimorphism has no proper essential extensions and hence is a direct summand of Q. In other words, aR is injective and so aR = eR for an idempotent e. Since aR = aT, this gives a = axa for x E T. where O -Σ 7 0 e a R. Hence P is a homomorphic image of a direct sum of copies of Q and as Q is a direct sum of the regular modules e a R and hence a regular module, so is P.
EXAMPLE.
Let JR be the ring of 2 x 2 lower triangular matrices over a field F and let e = L . . i? is a hereditary ring, eR is a finitely generated, faithful projective module which is also injective and Tr R (eR)= eR. Since ρ eR commutes with direct products but e is not a central idempotent it follows by (1.4) , that p eR is not hereditary.
For the rest of this section, we fix the following notation: P is a finitely generated projective right R-module, T = Tr R (P), S = End (P R ) and P* = Hom R (P, JR). It is known that P* is a finitely generated, projective left JR-module with T = Tr R (P*) and 5 = End*(P*). If p = p P , then P φ = ρ° in the notation of the previous section. Let F be the functor P (g) R (-): R Jt-+ s Jί. Morita has shown that if P is a finitely generated projective genrator, then F is a category equivalence, preserving in particular, projective covers and injective envelopes. In [1] , Anderson considered the question: if P were not necessarily a generator, then under what conditions on P, will F preserve projective covers and injective envelopes? This question is now shown to be related to the heredity of the cotorsion radicals p and p°. PROPOSITION 
F preserves injective envelopes if and only p° is hereditary.
Proof. By Theorem 2.4 of Anderson [1] , F preserves injective envelopes if and only if x E Tx for every x E Γ. The latter condition is equivalent to: R/T is right i?-flat, which is, in turn, equivalent to: p° is hereditary, by the mirror dual of (1.1). COROLLARY 
Let P be a regular and injective module. Then S is a self-injective, von Neumann regular ring.
Proof By (3.2) , p is hereditary. Hence, by the mirror dual of (3.5) the functor (-)0RP*: M R~> M S preserves injectives. As P is injective, this shows that S -P ® R P* is is self-injective. S is von Neumann regular, by Theorem 3.6 of Ware [15] .
REMARK. This extends Corollary (2.6) of Anderson [1] .
We close with a remark on the connection between torsion radicals and flat modules. Let us say that a torsion radical p on Jί R is given by a flat module if there is a flat left R -module Q such that, for any M E M R , p(M) = M if and only if M (g) R 0=0. Torsion radicals of this type and their associated quotient rings were studied by Morita in [9] . In [11] Shelter and Roberts considered the question: which torsion radicals are given by flat modules? They have shown that: (i) If R is any ring and p a torsion radical on M R such that the Gabriel filter associated with p has a countable base, then p is given by a flat module, (ii) If JR is a commutative Noetherian ring, then every torsion radical on M R is given by a flat module. In this connection, we have PROPOSITION 1.7. (i) 
Proof, (i) If p is a cotorsion radical on M R , then ρ(M) = M <£> M® R (R/p(R)) = 0 because p(M) = Mp(R) and M® R (R/p(R))=* M/M p(R). If p is hereditary, then R/p(R) is left R-flat. So p is given by the flat module R/ρ(R).
(ii) If R were a primary decomposable ring, then, by Teply [12, Theorem 3.1 and 3.3] every torsion radical on M R is a hereditary cotorsion radical. Hence, by (i) every torsion radical on M R is given by a flat module.
